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Introduction

* In this topic, we will
— Define integer powers of a complex number
— Derive a formula from the polar representation
— Look at a geometric interpretation
— Observe some properties
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Integer exponents

Givenz=a+ fj = |Z|49, then for an integer n, we define

(=) n<0
z"=< 1 n=0
zz" n>0

For example, (1.6 + 1.2/)7'° would be calculated by using
(0.4 — 0.3/) 10

Note that 0°=1, 0" =0if n > 0, and 0" is not defined if n <0
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Polar representation

» Now, if z=|z|£6, observe that
22 =ZZ
= (|| «0)(|-| <)
=||" £(26)
Z3 =Z- 22
=(I| <o) (I «(20))

- |of £(36)
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Polar representation

e Similarly, if z = |z|46’, z = |z|_1 A(—H) SO

=/ -1 =l
AR A A

=(1" < (-0))( " «(-#))

= Z|_2 A(—29)

-3 -1 _-2
zZ =z -Z

=(I" < (-0)) (I «(-26))

|| «(-30)
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Polar representation

 This suggests z" = |Z ’ A(né’) for all integer values of n

— We could even use this to define
=|z[" £(ab)

for any real «

e In this course, we will restrict ourselves to
polynomials that require integer exponents
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Complex division

* As an example: z:1+j:\/§4%

2 =(1+) =2 4
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Complex division

* Asan example: z:1+j:\/§4% so z7! = 1 l 4(_£j

PRETAN

Z_2=(1+j)_2=\/§_24 g :—lj

z_3=(1+j)_3=\/§_34 3z :—l—lj

2 =(1+4)" NI VRN I

z” :(1+j)_5 =\/§_54 —5£j=—l+lj
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Complex division

Note that z” and z are multiplicative inverses of each other:

=2 z =—§j
=—24+2j 2_3——i—%]

zt=—4 Z_4=—%

z2=-4-4j Z_5=—é+%]
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Proof of formula e <0
z"=3 0 n=>0
n—1 > O
Theorem: z" = (n@) = g

Proof: Whenn=0, z° = |Z|O A(O - (9) =1£0=1
Assume the formula is correct for an arbitrary n > 0,
thatis, z" = (n«9)
Then, z"™" =z - 2"

|Z|L<9 )(|I" <
A

Z

¢9+n«9)
=|z|"™ Lc((n+1)<9)

Thus, by the process of mathematical induction, the statement
1s true foralln=0,1,2,3, .... Q
10
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Proof of formula (Z_l) b
z" = 4 0 n=0
"1 S0
Theorem: z" = A(nﬁ) |
Proof: When -n <0, the polar representation is unchanged:
z"=|z[" 4(—11(9)

The formula, however, says for - n <0 that

7= (Z_l )n

= ( z|” 4(—6’))}1
(
\

4 (-n)
Thus, the formula is correct for all n. ggp Q
11
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Geometric interpretation

The geometric interpretation of integer powers is a spiral
— Powersofz=1+j

This isalo
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Geometric interpretation

 The geometric interpretation of integer powers is a spiral
— Powers of w=0.75—-0.25; where w!' =1.2 + 0.4/
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Geometric interpretation

The geometric interpretation of integer powers is a spiral
— If |z] = 1, then all powers remain on the unit circle
— Herez=0.6+0.8 =~1x53.13°

z" ~1£(n53.13°)

0.42197248
+ + 0.90660864/
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Properties

n n

Theorem: |z

:|z

Proof: Obvious from the polar representation. GED

o
A
294>



e S-S B g i TR T S A :
1 f‘-*\q\

“x“ g S 1 § 7 7 - e T
N 2% v P e TN, T 'v-IntegerpoWéf‘SO

Properties

Theorem: Ifz= a + 0j is a positive real number then z" = a".

Proof: Ifz= a+ 0j where a> 0, then |z| = || = @, so z = 2 X0,
g =0{"&(n-0)
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Properties

Theorem: If z=—-a + 0j is a negative real number then z” = (—) ".

Proof: Ifz=—a+ 0j where a> 0, then || = |a] = @, 50 z = A7
" =a"4(nr)
—a" (cos(mz)+sin(n7z)j)
a" (-1)
(a(-1))
(-

a) @D
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Properties

Theorem: z"z" = z™""

Proof: This is also straight-forward:

z"z" = (|Z|m A(mé?))( 2|
! é(m@ + n@)

. A((m + n)@) =z"" 9D

(n0))

n

=|Z| |Z
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Summary

* In this topic, we've introduced integer powers of complex
numbers

— We used the same definition as for integer powers of real
numbers

» We derived the polar representation
— We saw the geometric interpretation
* Rather beautiful spirals

— We saw a number of properties
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Colophon

These slides were prepared using the Cambria typeface. Mathematical equations
use Times New Roman, and source code is presented using Consolas.

The photographs of flowers and a monarch butter appearing on the title slide and
accenting the top of each other slide were taken at the Royal Botanical Gardens in
October of 2017 by Douglas Wilhelm Harder. Please see

https://www.rbg.ca/

for more information.
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Disclaimer

These slides are provided for the NE 112 Linear algebra for
nanotechnology engineering course taught at the University of
Waterloo. The material in it reflects the authors’ best judgment in
light of the information available to them at the time of preparation.
Any reliance on these course slides by any party for any other
purpose are the responsibility of such parties. The authors accept
no responsibility for damages, if any, suffered by any party as a
result of decisions made or actions based on these course slides for
any other purpose than that for which it was intended.
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